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We show that relativistic hydrodynamics in Minkowski space-time has intrinsic ambiguity in
second order viscosity parameters in the Landau-Lifshitz frame. This stems from the possibility
of improvements of energy-momentum tensor. There exist at least two viscosity parameters which
can be removed by using this ambiguity in scale invariant hydrodynamics in (1+ 3) dimension, and
seemingly non-conformal hydrodynamic theories can be hiddenly conformal invariant.
PACS numbers:
1. INTRODUCTION
Relativistic hydrodynamics has attained its renewed
interest in the context of gauge/gravity correspondence,
where some viscosity parameters of strongly coupled
gauge theory can be predicted from holography. Re-
cent experimental results in high-energy/high-luminosity
collisions of hadrons seem to confirm the success of the
gauge/gravity correspondence.
The relativistic hydrodynamics can be understood as
an effective field theory with systematic derivative expan-
sions. The relativistic Navier-Stokes equation is nothing
but the conservation of the energy-momentum tensor,
which any low energy physics must obey, and therefore,
it is universal as long as we are concerned about the near-
equilibrium slow excitations (compared with the charac-
teristic scale of the microscopic theory).
The structure of the first order space-time derivative
corrections to the ideal fluid is long known (see e.g.
[1]). The derivative corrections induce the viscosity, and
makes the problem non-linear and dispersive. There, the
choice of the frame, intimately related to the field redef-
inition ambiguity, is emphasized to fix what we mean by
the velocity vector. The convenient frame vastly used
in the literature is the so-called Landau-Lifshitz frame,
which also plays a central role in this paper.
At the second order in space-time derivative expan-
sions, the structure of the viscosity tensor has been less
known. It is only in the recent literatures [2][3][4][5][6],
the systematic understanding has been pursued (see also
[7][8][9] for a related problem of causality issues in rela-
tivistic hydrodynamics). In this paper, we would like to
point out the intrinsic ambiguity in second order viscosity
parameters in the Landau-Lifshitz frame.
The ambiguity stems from the possibility of improve-
ments in energy-momentum tensor. In relativistic field
theories, the energy-momentum tensor is not uniquely
specified, and it is determined up to the improvement
term whose conservation is automatic and hence does
not affect the global generator. While the improvement
term must play a trivial role in relativistic hydrodynam-
ics, the Landau-Lifshitz condition forces us to redefine
our fields since the improvement does change the value
of the energy-momentum tensor at each space-time point.
In this way, the appearance of the hydrodynamic equa-
tion can be changed by the improvement. We find that
there exist at least two viscosity parameters which can be
removed by using this ambiguity in scale invariant hydro-
dynamics in (1 + 3) dimension. In particular, seemingly
non-conformal hydrodynamic theories can be hiddenly
conformal invariant due to this ambiguity.
In this paper, we focus on the relativistic hydrodynam-
ics in (1 + 3) dimension in Minkowiki space-time. We
comment on the gravitational effects in section 5. The
discussions are almost parallel in other dimensions, but
in (1+1) dimension, the structure may be a little special
so we summarized some key features in Appendix A.
2. IMPROVEMENTS OF ENERGY-MOMENTUM
TENSOR AND FRAME CHOICE
In relativistic field theories, the energy-momentum ten-
sor in Minkowski space-time is symmetric and conserved
from the Poincare´ invariance. However, its form is in-
trinsically ambiguous. One can always “improve” the
energy-momentum tensor by adding the term
δTµν = ∂
ρ∂σLµρνσ , (1)
where Lµρνσ has the symmetry of the Riemann (or
Weyl) tensor. The added term is automatically sym-
metric and conserved: ∂µδTµν = ∂
µδTνµ = 0 due to
the symmetry without using any equations of motion.
The improvement does not change the generators of the
Poincare´ group. In the context of the general relativ-
ity, the ambiguity comes from the curvature coupling∫
d4x
√
gRµρνσL
µρνσ .
For the discussions of the conformal field theories,
the most relevant improvement is the symmetric tensor
Lµν improvement (we use mostly plus convention for the
2Minkowski metric ηµν)
δTµν =
1
2
(∂µ∂ρL
ρ
ν + ∂ν∂ρL
ρ
µ − ∂2Lµν − ηµν∂ρ∂σLρσ)
+
1
6
(ηµν∂
2Lρρ − ∂µ∂νLρρ) ,
(2)
which changes the trace of the energy-moment tensor as
δT µµ = ∂
µ∂νLµν . (3)
From this expression, one can conclude that the nec-
essary and sufficient condition that scale invariant field
theories are conformal invariant is (by assuming the ex-
istence of the conformal current) that the trace of the
energy-momentum tensor is written as T µµ = ∂
µ∂νLµν
(see e.g. [11][12]).
In relativistic hydrodynamics, the fundamental equa-
tion, i.e. relativistic Navier-Stokes equation is nothing
but the energy-momentum conservation, so it seems that
the improvement has nothing to add to the physical con-
tent of the hydrodynamics. While this argument is com-
pletely true, the appearance of the equation can be differ-
ent due to the improvement. This is what we would like
to call the ambiguity in relativistic hydrodynamics. The
relativistic hydrodynamics is formulated as systematic
space-time derivative expansions of the effective theories
of fluid. The ambiguity starts to appear at the second
order of the expansions because the improvement term
we reviewed is the second order in space-time derivative.
The seemingly innocuous improvement term in energy-
momentum tensor changes the appearance of the hy-
drodynamic equation due to the choice of the frame.
Within the systematic space-time derivative expansions,
the energy-momentum tensor in relativistic hydrodynam-
ics takes the following form
Tµν = ǫuµuν + pPµν + τµν , (4)
where uµ is the normalized velocity vector (i.e. uµuµ =
−1), and Pµν = ηµν +uµuν . The higher derivative terms
are all included in the viscosity tensor τµν . As argued
in [1], however, in order to talk about the viscosity, we
have to make more precise what we mean by the velocity
vector because we can enjoy freedom of field redefinition.
So-called Landau-Lifshitz frame used heavily in the liter-
ature demands that uµτµν = 0. The crucial point for our
discussion is that this condition depends on the value of
the energy-momentum tensor at each space-time point,
so the definition of uµ in the Landau-Lifshitz frame does
depend on the improvement of the energy-momentum
tensor.
This means that once we try to impose the Landau-
Lifshitz condition on uµ by using the improved energy-
momentum tensor, we have to redefine uµ at the sec-
ond order in space-time derivative expansions. Then we
have to substitute it back into the relativistic Navier-
Stokes equation or conservation equation of the energy-
momentum tensor. This apparently changes the form of
the equation while the physics remains the same.
Suppose we add the improvement term Tµν of order
O(∂2) to the energy-momentum tensor. In order to sat-
isfy the Landau-Lifshitz frame condition, we have to re-
define ǫ˜ = ǫ+δǫ, and u˜µ = uµ+δuµ (and therefore p due
to the equation of states), so that u˜µτ˜µν = 0.
In the approximation we are interested in (i.e. second
order in space-time derivatives), we have
δτµν = Tµν + δǫuµuν + ǫδuµuν + ǫuµδuν
+ δpPµν + pδuµuν + puµδuν (5)
and the Landau-Lifshitz condition becomes
uµTµν = δǫuν + ǫδuν + pδuν (6)
by using uµδuµ = 0. The necessary transformation is,
therefore,
δǫ = −uµuνTµν
δuµ =
1
ǫ + p
(uρuσTρσuµ + uνTνµ) . (7)
In this way, the relativistic hydrodynamic equation
changes its form by the field redefinition induced by the
Landau-Lifshitz condition. We will discuss its implica-
tion in the next section. We emphasize, however, that
the physical contents of the relativistic hydrodynamics
cannot be changed by the field redefinition. Thus, the
change of the appearance of the equation only indicates
the intrinsic ambiguity of the relativistic hydrodynamic
equations of motion beyond the second order in space-
time derivatives.
3. AMBIGUITY IN SECOND ORDER
VISCOSITY PARAMETERS
The viscosity tensor can be systematically expanded
in the Landau-Lifshitz frame with respect to space-time
derivative as
τµν = τ
(1)
µν (∂) + τ
(2)
µν (∂
2) + · · · . (8)
The first order term is
τ (1)µν = −ησµν − ζPµνΘ . (9)
Here, η is the so-called shear viscosity and σµν is the
shear tensor defined as
σµν = PµσP νρ
(
∂σuρ + ∂ρuσ
2
− Θ
3
ησρ
)
, (10)
where Θ = ∂µuµ. ζ is the so-called bulk viscosity. Since
the ambiguity that we have discussed in the last section
3only affects the form of the energy-momentum tensor
beyond the second order in space-time derivatives, the
viscosity parameters η and ζ are free from the ambigu-
ity associated with the improvement, and the both are
physical.
The second order term can be expanded as
τ (2)µν = τ(Dσ)〈µν〉 + λ0Θσµν + λ1σ
ρ
〈µσρν〉
+ λ2σ
ρ
〈µωρν〉 + λ3ω
ρ
〈µωρν〉 + λ4a〈µaν〉
+ Pµν
(
ζ1DΘ + ξ1Θ
2 + ξ2σ
2 + ξ3ω
2 + ξ4a
2
µ
)
.(11)
Here we have introduced the derivative D = uµ∂µ in
“time” direction. ωµν is the vorticity tensor
ωµν = PµσP νρ
(
∂σuρ − ∂ρuσ
2
)
, (12)
and aµ is the acceleration vector
aµ = Duµ . (13)
The braket in the tensor indicates the traceless sym-
metrization with the projection orthogonal to uµ direc-
tion:
X〈µν〉 = P
ρ
µP
σ
ν
(
Xρσ +Xσρ
2
− XαβP
αβ
3
gρσ
)
. (14)
Finally, σ2 = σµνσ
µν and ω2 = ωµνω
µν .
In these expressions, we have used the basis used in
[5]. Since one can use the equations of motion
−Dǫ− (ǫ+ p)Θ = O(∂2)
(ǫ+ p)Duµ + Pµν∂
νp = O(∂2) , (15)
at each order of the space-time derivative expansions, it
is possible to choose a different basis for the viscosity
tensor by using derivatives on ǫ and p instead (see e.g.
[2][4] where different basis is used).
We now discuss the effects of improvement and sub-
sequent field redefinition to preserve the Landau-Lifshitz
condition. By assuming locality and the absence of non-
trivial dynamical degrees of freedom other than the un-
charged fluid, the relevant improvement terms are given
by
Lµν = L1(T )ηµν + L2(T )uµuν , (16)
where L1(T ) and L2(T ) are arbitrary functions of the
local temperature T . Note that there is no candidate
for Lµνρσ constructed out of T and uµ which cannot be
reduced to Lµν .[13]
Correspondingly, the necessary field redefinition is ob-
tained by substituting (16) into (2) and (7). The final
expression is lengthy, but let us show the contribution
from L1(T ):
δǫ =
1
3
(∂2 + uµuν∂µ∂ν)L1(T )
δuµ =
1
3(ǫ+ p)
[uµ(−∂2 − uρuσ∂ρ∂σ)L1(T )
+ (uµ∂
2 − uρ∂ρ∂µ)L1(t)] , (17)
which are subject to the lower order equations of motion
(15) to relate ∂µT with derivatives on the velocity vec-
tor. This gives at least two functional degrees of freedom
L1(T ) and L2(T ) that contribute arbitrarily to the sec-
ond order viscosity parameters. Since the detailed form
how it contributes to the viscosity parameters depend on
the details of the equations of states ǫ(T ) and p(T ), we
study one simple but practical situation for illustration.
Suppose we start with the conformal fluid, where ǫ =
3p = T 4. The original energy-momentum tensor must be
traceless so that ζ = ζ1 = ξ1 = ξ2 = ξ3 = ξ4 = 0. We
attempt to improve (or rather un-improve) the energy-
momentum tensor by
Lµν = l1T
2ηµν + l2T
2uµuν . (18)
The power of T is chosen so that the manifest scale
invariance is intact. Now, in the new Landau-Lifshitz
frame with the improvement, the trace of the energy-
momentum tensor is non-zero. Indeed, the transforma-
tion gives the trace part of the second order viscosity
tensor as
δτ (2)µν =
Pµν
3
(
l1T
2(−4
3
DΘ− 4
9
Θ2 − 2σ2 + 2ω2 + 4a2µ)
+ l2T
2(
4
3
DΘ+
4
9
Θ2 + σ2 − ω2 − 2a2µ)
)
+ traceless terms
(19)
Therefore, at least two in viscosity parameters of scale
invariant hydrodynamics are unphysical, and one can
remove it by choosing a suitable improvement term in
energy-momentum tensor. We also note that if these two
parameters are the only source of the breaking of the
conformal invariance, we can happily improve it so that
the hidden conformal invariance is recovered.
To end this section, we would like to mention the ef-
fect of the improvement and the field redefinition on the
entropy current. While the precise form of the entropy
current with the second order corrections in the space-
time derivative expansions is not completely determined
in the literature (see e.g. [10][5]), we can still predict the
intrinsic ambiguity from our consideration. In conformal
fluid, zeroth order entropy current is given by
Jµ = ǫ
3/4uµ . (20)
Thus, the second order ambiguity associated with the
improvement must be
δJµ =
3
4
ǫ−1/4uµδǫ+ ǫ
3/4δuµ
=
ǫ−1/4
4
[(uµ∂
2 − uρ∂ρ∂µ)L1(T )]
=
ǫ−1/4
2
l1(uµ(2a
2
ρ + ω
2 − σ2 −DΘ)
−Θaµ +D2uµ) (21)
4subject to the equation of motion (15), which is used in
the third line. Here, we have again neglected the ten-
sor improvement contribution by setting L2(T ) = 0 for
simplicity.
4. COMMENT ON LOCALITY
In microscopic theories without scalar fields, it is typ-
ical that there are no candidates for the improvement
of the energy-momentum tensor in terms of local micro-
scopic fields. This does not invalidate our discussions be-
cause the macroscopic fields that we are dealing with are
space-time averaged fields whose microscopic origin may
be strongly coupled. For instance, there is no field such
as temperature T in microscopic theory. Of course, when
the microscopic theory does possess the microscopic am-
biguity in energy-momentum tensor (e.g. ξRφ2 term for
scalar fields), our ambiguity has the microscopic origin.
However, this may lead us to the question what kind
of improvement we should allow. If we are free from any
microscopic constraint, is it possible to use whatever ten-
sor Lµνρσ to improve the energy momentum tensor? For
instance, is it allowed to remove the trace part by solving
∂2L = T µµ as L = ∂
−2T µµ? Such a non-local improvement
would not violate any conservation law, and the physical
prediction would remain the same if the equation of mo-
tion we use were exact. However, we use the space-time
derivative expansions for our systematic approximation
scheme, so for its self-consistency, we have to restrict
ourselves to the local improvement of energy-momentum
tensor.
This has led us to the proposed improvement only by
using uµ, T and their derivatives. Otherwise, the sys-
tematic space-time derivative approximation is totally
messed up. From the physical viewpoint, it is satisfac-
tory because the non-local field redefinition would appar-
ently violate, or make obscure some important physical
requirements such as causality and unitarity.
If we have more conserved currents than the energy-
momentum tensor (e.g. baryon number), we can intro-
duce other improvement terms involving the chemical po-
tential and so on. The generalization is obvious.
5. DISCUSSIONS
In this paper, we have discussed the intrinsic ambi-
guity in relativistic hydrodynamics with the second or-
der viscosity parameters in Minkowski spacetime. The
ambiguity comes from the possibility of improvement in
energy-momentum tensor and the subsequent field redef-
initions in order to preserve the Landau-Lifshitz frame
condition. We conclude that at least two viscosity pa-
rameters are unphysical.
Since energy-momentum tensor itself cannot be a local
observable without specifying which energy-momentum
tensor one uses, the ambiguity we discussed suggests that
there is no physical way to measure the second order
viscosity parameters in experiments without fixing the
ambiguity (in the Landau-Lifshitz frame). It is of great
importance to discover an ambiguity-free way to measure
the viscosity parameters in generic situations since the
structure depends on the equations of states and they
are quite involved in the current approach. Maybe the
Landau-Lifshitz frame is not a good frame beyond the
second order space-time derivative expansions.
The discussion in this paper is entirely macroscopic.
In the future works, we would like to study the micro-
scopic formulation to understand the ambiguity better
by using the generalization of the linear response theory
such as Kubo formula. Again, when we talk about the
microscopic field theory, the energy-momentum tensor is
ambiguous, and the correlation functions are ambiguous,
too. The generic structure of the vacuum correlation
functions of the energy-momentum tensor in (1 + 3) di-
mension without conformal invariance is not yet known
(let alone in the finite temperature case), so theoretically
it is an interesting open problem.[14]
The constraint on the second order viscosity param-
eters have been discussed in the literature [4][5][6], and
it is interesting to see whether the intrinsic ambiguity
we found are consistent with their constraint. Since we
do not know the microscopic origins of these constraint,
it is again important to understand the structure of the
correlations functions of energy-momentum tensor. Note
that some of the crucial steps in their discussions rely
on putting the theory on a curved space-time. Some of
the constraints therefore have less practical values be-
cause there is no practical way to measure the viscosity
parameters with space-time curvatures in table-top (i.e.
hadron collider) experiments (exceptions would be fluid
dynamics inside stellar objects like neutron stars).
In this paper, we have not turned on any background
gravity. After turning on the gravity, however, the am-
biguity we have discussed becomes physical because the
coupling to the gravity does pick up one specific energy-
momentum tensor, and therefore, the improvement starts
to have physical difference. While this does not invali-
date our study relevant for table-top experiments where
we cannot see any gravitational effects at all, and we do
not know a-priori which energy-momentum tensor cou-
ples to gravity, it is theoretically interesting to see what
will happen with the additional gravitational viscosity
parameters and to establish how the gravitational inter-
action resolves the ambiguity we have discussed.
In the Einstein gravity, the conservation of the energy-
momentum tensor is necessary for its consistency due to
the Bianchi identity. It, however, means that one can al-
ways introduce “gravitational energy-momentum tensor”
Rµν−R2 gµν without spoiling the conservation (at the sac-
5rifice of renormalizing the Newton constant). Again the
added term is trivially conserved, but if we impose the
Landau-Lifshitz condition, we have to redefine the hy-
drodynamic fields, and it induces the curvature viscosity
terms (see e.g. [4][5]). Without dynamical gravity (e.g.
in AdS/CFT), we cannot avoid the ambiguity.
Finally, it would be interesting to address these ques-
tions in the context of gauge/gravity correspondence or
hydrodynamics/gravity correspondence.
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Appendix: In (1 + 1) dimension
The discussion in the most part of the paper can be
readily applicable in any dimensions with a few modifi-
cations in coefficients. In (1 + 1) space-time dimension,
however, the structure of the improvement is slightly dif-
ferent due to the fact that all the curvature invariants are
expressed by Ricci scalar only. Thus, in (1 + 1) dimen-
sion, there is no tensor improvement available, but only
the scalar improvement
δTµν = (∂µ∂ν − ηµν∂2)L(T ) (22)
is effective.
In (1+1) dimension, there is no traceless viscosity ten-
sor in the Landau-Lifshitz frame, so we have only three
second order viscosity parameters
τ (2)µν = Pµν
(
ζ1DΘ+ ξ1Θ
2 + ξ4a
2
µ
)
, (23)
where ωµν = σµν = 0 identically. They are not traceless,
so it must be (improved to be) zero for conformal fluid.
Generically, we have one functional ambiguity in sec-
ond order viscosity parameters, but let me focus on
the ambiguity in the conformal fluid, where the situa-
tion becomes singular due to its special kinematics. By
repeating the similar analysis in section 3, now with
L(T ) = logT , we can show that
δτ (2)µν = 0 (24)
after going back to the Landau-Lifshitz frame because
∂2 logT = 0 for conformal ideal fluid. Therefore, in the
particular case of the conformal fluid in (1 + 1) dimen-
sion, there is no ambiguity in the second order viscosity
parameters. We stress that this is peculiar to the kine-
matics of (1 + 1) dimension with conformal invariance.
The corresponding ambiguity in the entropy current,
whose zeroth order term is Jµ = ǫ1/2uµ, is given by
δJµ =
1
2
ǫ−1/2uµδǫ+ ǫ
1/2δuµ
=
ǫ−1/2
2
[(−uρ∂ρ∂µ) logT ]
=
ǫ−1/2
2
(D2uµ −Θaµ − (DΘ)uµ) , (25)
where we have used the equations of motion. Although it
looks non-trivial, its divergence vanishes identically (up
on the usage of the equation of motion) as expected.
In (1 + 1) dimensional relativistic scale invariant field
theories, the microscopic argument [11] shows that they
are actually conformal invariant. It would be interesting
to see how this can be obtained from the macroscopic rel-
ativistic hydrodynamics. The non-decreasing properties
of entropy can be derived from Boltzmann’s H-theorem,
whose microscopic foundation is just unitarity. We be-
lieve studies of the entropy current must give a clue to
this problem, but we will leave it for future studies.
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